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kmY[^5¶^s¢w\qY[zK¢­kmÁ5^]vTokmtwzKn
∆u + k2u = f
£
t¹kuYzEojkmEzKtwn[7r}Kjt°$kut­zEnzEnjt­kmtwzKn0®b=zKru^sz$¥E^srQ§
£*^atw\q¡zTil^%5¿ctwrmt°}Y[¢w^kzEnjt­kmtwzKnzKnkmY[^©IzKo[nruh
Γε
zK AkuY[^%il\¢w¢WzK©ilkuE¢w^K®1½³^szKnimt°j^sr
nY[zK\qz
K^]n[^szEoi*zKn¡jt¹kut­zEn7zKn-kmY[^im\qK¢­¢WzE©i|k}Ks¢­^E§E©[o[k*t­kil^]^s\iykuY$k
5iltw\qt­¢°r/kmru^]km\q^snTk*]n©¡^KjzEjkm^Q «zEr
n[zEn!CYzK\qzKE^sn[^]zKoi
©IzKon[ruhNzEnjt­kmtwzKni]®%XY[^qi|k}n[KruN¥¦Krmt°$kut­zEn¢A «zKru\o[¢°$kut­zEnNz ¤kmY[t°i¨[rmzE©[¢w^s\twi
kmY^ «zK¢w¢­z$£
twn[®



¯twn
u ∈ H1(ΩR \ Ωiε)
i]® k
u|∂Ωobs∪Γε = 0
n¡ ∀v ∈ H1(ΩR \ Ωiε) is® k v|∂Ωobs∪Γε = 0
∫
ΩR\Ωiε
∇u · ∇v − k2
∫
ΩR\Ωiε
uv +
∫
ΓR
vTRu =
∫
ΩR\Ωiε
fv.
¶^]rm^
TR
ru^ «^]rui/kuzkuY[^+¿at­rutw}Y¢­^skCkmz_^]o[\n[nzKI^sr}$kuzKr* «zKrkuY[^ ¿ ¶^]¢­\qY[zE¢¹kuÁ^]vTo$kut­zEn0®
TR
K[\5t­kui
n)n¡¢whEkutw]¢µ^s?rm^Qimimt­zEn7kuY$kc]n©¡^+j^QzE\5IzEim^]oimt­nq¯zKo[rutw^sr^jKniltwzKnA§
TRu =
∑
n∈Z
un k
H
(1)′
n (kR)
H
(1)
n (kR)
einθ
£
Y[^sru^
un =
1
2π
∫ 2π
0
u(R, θ)e−inθdθ,
Hkt°i¢°Kiuilt°sK¢Prm^Qilo[¢­k+kuY$k
TR
t°iNszKnTkmtwn?o[zKoi+¢­twn[^]KrzE¡^]rukmzKr «ruzK\
H1/2(ΓR)
zEnEkuz
H−1/2(ΓR)
®
_zKkm^ckmYk/£*^£*KnTkykmz5zKn¡ilt°j^sr/ru©[t¹kuruKrmh\q^]imY[^]i]§Enzk¤n[^Q^Qimiurut­¢whE[[km^]kmz%kuY[^aim\¢w¢¡zE©i|k}Ks¢­^
Ωiε
®
XY[t°iPt°i1kmY[^crm^QKimzKn£
Y?h£/^
[ruzKIzEim^*kmz%oim^¨´¡kmt­kmtwzKoiy[zK\twn5 «zKru\o[¢°$kut­zEnÂUil^]^  ÃÄ «zErPkmY[t°iyrmzE©[¢­^]\)§
^?ku^snjtwn[%kuY[^aimzK¢wojkut­zEn5©?hq%twnilt°j^
Ωiε
Â»£
Y[t°}Y-i|kut­¢w¢¡K¢­¢wz$£i
H1
rm^]Ko[¢°rut¹k|h+ «zKrykuY[^aimzK¢wojkut­zEn¡Ä¬®1XY?ois§EkmY^
^?ku^snj^Q)ilzE¢­ojkut­zEnt°i
imzKo[EYEk
twnkmY[^+imKs^
V = {v ∈ H1(ΩR)
i]® k
v|∂Ωobs = 0 }.
XY[^oimo¢jnzKru\ ‖v‖2V = ‖v‖2L2(ΩR)+‖∇v‖2L2(ΩR)
n5ius¢°r1[ruzjjok
(u, v) =
∫
ΩR
uv+
∫
ΩR
∇u ·∇v §\±E^
V
q¶tw¢w©¡^]rlkaimE^K®PXY[^twn[t­kmt°¢ ^[KkarmzE©[¢­^]\)§j^]vTo[tw¥¦K¢­^]nTk
kmz5kmY[^%rm^]¥TtwzKo¡i/zEn[^K§twi



¯t­n¡
(uε, pε) ∈ H10 (ΩR) ×H−1/2(Γε)
imo}YkmYk
∫
ΩR
∇uε · ∇v − k2
∫
ΩR
uεv +
∫
ΓR
vTRu
ε +
∫
Γε
pεv =
∫
ΩR
fv ∀v ∈ H10 (ΩR),
∫
Γε
quε = 0 ∀q ∈ H−1/2(Γε).
n kmY[^=im^]zEn ^]vTo$kut­zEn0§y£*^)t­\qIzEim^Kn Y[zE\qzKK^]n[^szEoi5¿ctwrmt°}Y[¢w^k©IzKo[nruh¸zKn¡jt¹kut­zEn zEn
Γε
oimt­n
AKKr}n[E^c\o[¢¹kut­¢­tw^sr}is®P½³^%ru^s£
rut¹ku^ckuY[twi[rmzE©[¢w^s\"twnkmY[^%\qzKru^%zE\5¡K¬k
£¦h



¯twn
(uε, pε) ∈ V ×Qex
ilo}YkmY¡$kcvTo[^
a(uε, v) + bε(v, pε) = 〈f, v〉V,V ′ ∀v ∈ V
bε(uε, q) = 0 ∀q ∈ Qex
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kuK±?t­n[
Qex = H
−1/2(Γε),
a(u, v) =
∫
ΩR
∇u · ∇v − k2
∫
ΩR
uv +
∫
ΓR
vTRu, ∀u, v ∈ V,
bε(v, q) =
∫
Γε
qv, ∀(v, q) ∈ V ×Qex,
〈f, v〉V,V ′ =
∫
ΩR
fv.
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^]\5twnNkmYkEszEru[t­n[7kmz7kuY[^5rm^Qilo[¢­kuiaz  ­ H§WkmYtwi¨[ruzK©[¢w^s\t°i¨£/^]¢­¢¡zTil^Qµ®%`cimt­nXL¨ru^s^snN «zKru\o[¢°[§Wt­k
sKn©I^+imY[z$£
n-kuY$k
pε
t°i*kmY^{|o[\q=z AkuY[^%n[zErm\¢0[^srut­¥$$kut­¥E^azK 
uε
§j£
Y[t°}Y)rm^QK[i
pε = [
∂uε
∂n
]|Γε =
∂uε
∂n
|Γε
£
t­kmY
n
kmY[^%zEojkmEzKtwn[nzKru\qK¢µ¥K^Q¬kmzEr*kmz
Ωiε.
~an[^%zK kuY[^Ej¥$nTkuKK^Qi/zK 1kmY[t°i
´¡kmt­kmtwzKoiajzK\Kt­n) «zErm\o[¢wkmtwzKn)t°ikmz7rmz$¥?t°j^+jtwrm^Q¬km¢wh7kuY[^% «o[n¡¬kmtwzKn
pεkmY¡$ka¢w¦hji
kuY[^iu\q^+ruzK¢w^ «zKrakmY^¶^]¢­\qY[zE¢¹kuÁ^QvEo¡$kmtwzKnNEi
kuY[^so[rmru^snTkckckmY^imo[rl »E^+zK 1kmY[^£
t­ru^+ «zEr
bN?£*^s¢w¢	 i*^]vTokmtwzKni]®yf?twn^¨kmY^¨zE©ilkuKs¢­^
Ωiε
t°i
im\qK¢­¢C§j£*^¨^]nzEo[nTkm^]r/kuY[^%vTo[^]ilkmtwzKnz AkuY[^%©I^sY¦¥?twzKr*z 
kmY^+zKo[¢­^
(uε, pε)
Ei
ε→ 0 ®yXY[^n[^s?kcil^Q¬kmtwzKn)Kjrm^Qimim^]i/kuY[twicvEo^]ilkmtwzKn0®
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nzEru[^srakmzzK©jk}twn-\qzErm^^j[¢wtwst¹k%j^]iurutwjkmtwzKnÀz ykuY[^5imzK¢wojkut­zEn
uε
§µ£*^5£
t­¢w¢PnK¢­h?Ás^t¹k}i¨©¡^]Y¦¥?t­zEr¨Ei
ε
©I^]szK\q^]i¥E^sruhil\K¢­¢C® 0^k%oii|k}rmk£
t­kmY²imzK\q^qt­nTkmot¹kut­¥E^twj^QKi]®q½ÌY[^sn
ε
©I^]zE\q^]i¥K^]rmhNim\¢w¢U§AkmY[^
zK©¡i|k}K¢w^
Ωiε
jt°imK[¡^Qr}iilzt¹kim^s^s\i*ru^]KimzKn¡©[¢w^
kmzimo[[IzEim^ckuY$k
uε
K^skui¢wzEim^sr/kmzkmY^¨¢wtw\5t­k |twnstwj^]nTk
´^]¢w 
u0
§imzK¢wojkmtwzKn,kuz¼kmY[^³jt­ºIr}KkmtwzKn [ruzK©[¢w^s\ £
t¹kuY[zKo[kn?h,zK©ilkuE¢w^¸Â«£*^N£
t­¢w¢a[^´n[^Àt¹k[rm^Qt°il^]¢­h
©I^s¢wz$£cÄ¬§?tU® ^K®
uε ' u0
® \ ¬kuo¢w¢­ht­ktwi*IzEiuiltw©[¢w^kmz5[ruz$¥K^
kuY$k*kmY^sru^a^s?t°ilkui
κ > 0
t­n[^sI^snj^]nTkzK 
ε
ilo¡}Y
kmY¡$k
‖uε − u0‖H1(ΩR) 6
κ√
ln 1/ε
XY?oi]§AkuY[^-twnt°j^]nEk´^s¢°¼[ruz$¥?twj^Qi%)´r}i|k5[[ruz¦jt­\kmtwzKn³z 
uε
§1©[o[kn[zKk¥K^]rmhÀ[rm^Qt°il^E®n·zKr}j^srkuz
zK©[kutwn\qzErm^[rm^Qt°iltwzKnA§µ£/^qsKnoim^kuY[^qKimhT\qjkuzkutw5nK¢­hjimtwickmY¡$k%£*EicrmzE¡zTil^Q=t­n  * C®Hk%szKnTkuKt­n¡i
kmY^ «zK¢w¢­z$£
twn[5rm^Qilo[¢­k]®
TU@ Æ?Ê  Æ  2*)7,
+-, 	.( !
 
κ > 0
?(0/	?	
 #1
ε
!' , 
 , 
21 #
ε
!"$	?# ,
‖uε − ũε‖H1(ΩR) 6 κ ε1/2.
3 
 ,
ũε(x) = (1 − χε1/2(x))
(
u0(x) +
−π2 u0(0)
ln ε− λ0
v0(x)
)
+ χε1/2(x)
−2π u0(0)
ln ε− λ0
V ε0 (x)1ΩR\Ω̄iε(x)
ÂU[® EÄ
½³^atw\q\5^Qjt°$km^]¢­h-rm^]\5twn7kmY[^j^´¡n[t¹kut­zEni*n[^]s^]iuimKrmh «zKr
Kz?zj7zE\q[rm^]Y[^sn¡iltwzKn7zK 0kmY^¨K©¡z$¥E^ «zKru\o¢w®
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χ : R → R+
ru^ «^sr}i¨kmz=
C∞
 «o[nkmtwzKn¼ilo¡}YÀkuY$k
χ(r) = 1
 «zKr
r 6 1/2
§
χ(r) = 0
 «zKr
r > 1
n
χ
t°ic[^]ru^]Eiltwn[¡®¤½³^£
tw¢­¢£
rmt­km^
χεδ(x) = χ(|x|/εδ)
§Wn=K¢wimz
χ0
t­n¡i|ku^]KzK 
χε0
®
• TU@ Æ 0 / 0»Ë Æ /  8 Æ #»Ë u0
]^]`_"aBbced!f
K   G   #" ?#
u0
ru^ «^sr}i*kmz5kuY[^%t­n¡t°j^snTk
´^]¢w)j^s´n[^])Ei¤kuY[^%o[n[t°vTo[^ «o[nkmtwzKn=iu$kmt°il «hTtwn[



u0 ∈ H1(ΩR)
∆u0 + k
2u0 = f
twn
ΩR \ {0}
u0 = 0
zKn
∂ΩR \ ΓR
∂u0
∂n + TRu0 = 0
zEn
ΓR
• TU@ Æ > [Y8 Æ #UË v0½À^+j^s´n[^¨kmY^ »r´^]¢w)Ki*kuY[^%o[n[t°vTo[^+imzK¢wojkmtwzKnz kmY[^%[ruzK©¢­^]\"©¡^]¢­z$£%®
 ¤Æ  ¸ 2*)7, +-, 	.( !
7U J	
v0 ∈ H1loc(ΩR \ {0})
	
   1  



∆v0 + k
2v0 = 0

ΩR \ {0}
v0 = 0
#"
∂ΩR \ ΓR
∂v0
∂n + TRv0 = 0
#
ΓR
v0 − Y0(kr) ∈ H1(ΩR).
/hil^]r}$kut­zEn-z ¥$rutwK©[¢­^Qis§jt­kt°i¡zTimimt­©¢­^¨kmzrmz$¥E^kmY¡$k
v0
K[\5t­kui
kmY[^%o[ntwvTo[^+j^QzE\5IzEimt­kmtwzKn
v0 = Y0(k|x|) + L10(v0)J0(k|x|) +
∑
|p|>1
L1p(v0)J|p|(k|x|)eipθ +
∑
|p|>1
L0p(v0)Y|p|(k|x|)eipθ
nzKr}j^]rckuz±E^s^sÀn[zk}$kut­zEnizKn¡ilt°i|ku^snTka£
t­kmY  * H§µ½À^qn[zKkm^
J0,0 = 1
n
Y0,0 =
2
πγ +
2
π ln(
k
2 )
§
£
Y[^sru^
γ = 0, 57721 . . .
t°ikmY^ N o[¢w^srzEnilkunTkQ®
 -Æ ¸jGFP nkuY[^+sEil^¨£
Y[^]rm^
ΩR
twi*kuY[^+jt°il±7zK 1s^snTkm^]r
0
nruEjtwoi
R
§j£*^%Y¦¥E^
v0(x) = −iH(1)0 (k|x|) = −iJ0(k|x|) + Y0(k|x|)
L10(v0) = 1/i
Kn L0p(v0) = L1p(v0) = 0 |p| > 0
• TU@ Æ / Æ jY8 Æ #»Ë V ε0½À^¸j^s´n[^³kmYtwi) «on¬kut­zEn ¥?t°  ¢­^]\5\,z q^jt°i|ku^sns^¼n o[n[t°vTo[^sn[^Qimi]®
^]\5twn kmY¡$k
Γε =
{x(r, θ) ∈ R2 | r = εγ(θ) } ®
 ¤Æ  ¸ 2*) 2
  [
ΩN = {x(r, θ) ∈ R2 | r > γ(θ) }
 +-,  W .( !
7  J	 V0 ∈ H1loc(ΩN )
[ 
J	
l10(V0) ∈ C
!' , 
 , 




∆V0 = 0

ΩN
V0 = 0
#
∂ΩN
lim
r→+∞
sup
θ∈[0,2π]
∣∣∣V0(r; θ) − (Y0,0 +
2
π
J0,0 ln r) − l10(V0)
∣∣∣ = 0.
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½À^+]¢w¢µn[^]Kr/´¡^s¢°-kuY[^ «o[nkmtwzKn
V ε0 (x) =
1
4 V0(xε )
®PHkt°i
[ruz$¥K^Q7twn ­¦ µkmYk
∫
Γε
∂V ε0
∂n
= 1.
XY[twi+¢wEi|k%[ruzKI^srmk|hNt°i%t­nTku^sru^]ilkmtwn[=n³£*^Y¦¥K^}Y[zTil^]nkuY[^7\o¢¹kut­[¢wt°s$kut­¥E^5 »K¬kuzKr+©I^k|£*^s^]n
V ε0n V0 ilzÀkmYkt¹kt°iimkmt°i|´^Qµ®·Hk£
tw¢­¢
©I^)t­\qIzKrmkuKnEktwn·kuY[^ «zK¢w¢­z$£
twn[kmz²±K^]^s·twn,\5twn kmY^^jn¡iltwzKnz  V0 Â»n¡zK  V ε0 Ä*t­nkuY[^%n[^stwKY?©IzKruY[z?zj7z 1twnj´n[t­k|hK®PHkt°iKtw¥K^]n©?h
V0(r, θ) = (Y0,0 +
2
π
J0,0 ln r) + l
1
0(V0) +
∑
|p|>1
V0,p
r|p|
eipθ , V0,p ∈ C
£
Y^sn
r → +∞. ÂU[® * Ä
XY[^%ilo[\ zEnT¥E^sruK^Qi¤twn
H1
n[zKru\"zKn)n?h-szK\qE¬kil^skcilo st­^]nTkm¢wh »r¦£¦hq «rmzE\9kmY^%zKrut­Et­n0®
 -Æ ¸jGFP nkuY[^+sEil^¨£
Y[^]rm^
Ωiε
twi*kuY[^+jt°il±-z P^snTku^sr
0
nr}Kjtwoi
ε
§[£/^Y¦¥E^
V ε0 (x) =
1
2π
ln
|x|
ε
1ΩR\Ωiε .
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twn?¥KzK¢w¥K^Q7twnkmY[^%\$k}}Y[^]^jKnimt­zEn	
λ0 =
π
2
(
l10(V0) −L10(v0)
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kmY^+ilo[©[{|^]¬kzK AkuY[^ «zK¢w¢­z$£
twn[5kmY^szKru^s\)®
TU@ Æ?Ê  Æ  2*) 2
+ ( # /  	 

Ω0 ⊂ ΩR
' , 
 , 
 1 #   
ε

 ,    , #
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

 ,    .( !
7
κ / [ #"
Ω0
%	J
 [ /B	?( Q
 #1
ε
' , 
 , "

‖uε − ũε‖H1(Ω0) 6 κ ε.
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pε = [
∂uε
∂n
]|Γε ' [
∂ũε
∂n
]|Γε =
−2πu0(0)
ln ε− λ0
∂V ε0
∂n
|Γε ,
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χε1/2 = 1
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Qap = { q = q̆
∂V ε0
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a(uε, v) + bε(v, pε) = 〈f, v〉V,V ′ ∀v ∈ V,
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bε(v, q) = b̆ε(v) q̆
®XY[^¢­twn[^Qr
 «zErm\
b̆ε
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∫ 2π
0 v(ε, θ)dθ
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inf
u∈Zε
sup
v∈Zε
|a(u, v)|
‖u‖V ‖v‖V
> α0.
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sup
v∈V
|bε(v, q)|
‖v‖V
> β0 |q| ∀q ∈ Q.
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‖v‖V
>
|q|
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(i) |a(u, v)| 6 κ‖u‖V ‖v‖V ∀u, v ∈ V,
(ii) |bε(v, q)| 6 κ
√
ln 1/ε ‖v‖V |q| ∀(v, q) ∈ V ×Qap.
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‖ũε − uε‖H1(ΩR) 6 κ ε1/2.
XY[t°i-ru^]imo[¢­k-t°iimt­\qtw¢wKr7kuz XY[^]zKru^s\ [®­ÀnÌt­kui[ruz?z  «zK¢w¢­z$£i7kmY[^³imK\q^N¢­twn[^Qis® ¶z$£*^s¥K^]r]§/ «zKrkmY^
zEnilkmruo¬kut­zEnz µkmY^a\$k}}Y[^]7^jn¡iltwzKnzK 
uε
§TkmY^an[^Qr¤´^s¢°YEiykuz©I^¨}YKruE¬ku^srut­Á]^]qKiykmY[^ilzE¢­o[kmtwzKn
z *-imt­\q[¢wt¹´¡^]NrmzE©[¢­^]\)®+XY[^szErm^]\[® * hTtw^s¢°[iakmY¡$k¨kmY[^´r}i|k¨km^]rm\iaz ykuY[^\ku}Y[^QN^jKnimt­zEnNz 
uεzEt­n¡t°j^£
t¹kuY-kuY[^´r}i|kkm^]rm\i*z kmY[^%^sjnimtwzKn-zK 
uε
Â»©[ojk
kmY^]im^ak|£*z5^jn¡iltwzKnijzqn[zKkzKtwnstwj^¨ «zEr
Y[twKY[^]rcku^sru\iuÄ® \ n[^s£%§µXY[^]zKru^s\j® * rmz$¥?t°j^]ia7K¢wzK©¡¢A^Qi|kut­\km^)Â«zKn
ΩR
Ä©[o[k¨t­k¨t°ia¡zTimimt­©¢­^kmz¢­z?zK±
 «zKrimzK\q^¢wz?]¢µ^Qi|kut­\$ku^%¦£*¦hq «ruzK\9kuY[^%zK©¡i|k}K¢w^K®P¶c^sru^¨t°i5ru^]imo[¢¹kimt­\qtw¢wKrkmzXY[^]zKru^s\ [® ?®
TU@ Æ?Ê  Æ  2*)1
+ ( # /  	 

Ω0 ⊂ ΩR
' , 
 , 
 1 #   
ε

 ,    , #
Ω0 ∩ Ωiε = ∅
 +-, 	


 ,    .( !
7
κ / [ #"
Ω0
%	J
 [ /B	?( Q
 #1
ε
' , 
 , "


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¯zKrKnTh
f ∈ V ′ §jkmY^sru^¨^sjtwilkui5o[ntwvTo[^+szKo[[¢w^ (uε,h, pε,h) ∈ V h ×Qh imo}YkmYk
a(uε,h, wh) + b
ε(wh, p
ε,h) = 〈f, wh〉V,V ′ ∀wh ∈ V h
bε(uε,h, qh) = 0 ∀qh ∈ Qh.
bNzKru^sz$¥K^]r¤kuY[^ «zK¢w¢wz$£
t­n[q^Qi|kut­\$ku^]i%Â»o[n[t­ «zKru\&£
t­kmY)rm^QilI^]kkmz
ε
Ä*Y[zK¢°
‖uε,h − uε‖V 6 (1 +
‖a‖
α0
)(1 +
‖bε‖
β0
) inf
wh∈V h
‖uε − wh‖V 6 κ
√
ln 1/ε inf
wh∈V h
‖uε − wh‖V .
‖pε,h − pε‖V 6
‖a‖
β0
‖uε,h − uε‖V 6 κ
√
ln 1/ε inf
wh∈V h
‖uε − wh‖V .
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infwh∈V h ‖uε − wh‖H1(ΩR)
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§Kn)iltwn^
x 7→ ln |x| jz?^]inzk©I^s¢wzKn[qkuz H1(ΩR) §jkuY[^imKs^ V h YEi©[tw7jt 7so[¢¹kut­^Qitwn[rmz¦jtw\$kmtwn[
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inf
wh∈V h
‖uε − wh‖H1(ΩR) 6 κ ‖uε‖Hs(ΩR) hs−1,
©[ojk*£/^asnrmz$¥E^ «zKr¤¡rmkmt°o[¢°r¤]Kim^]i1kuY$k ‖uε‖Hs(ΩR) ∼ κ/εs−1
£
Y[^]n
ε→ 0 ®¶c^sns^K§E «zKr/+Ktw¥K^sn s §£*^+sn)zEn[¢­hY[zE¡^ «zEr©¡zEo[njtwn[ ‖uε − uε,h‖H1(ΩR)
£
t¹kuYvTonTkmt­k|h-rmzE¡zErlkut­zEn¢Wkuz
hs/εs > κ > 0K]zErujtwn[kmzKiuilo\5[kmtwzKnV 2 ®1n)5im^sn¡il^E§EkuY[^sru^twinzqszKnimt°i|ku^snsh 1½³^£
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ΩR
t°iajtwim±)z ¤s^snTkm^]r
0
n=r}K[t­oi
R
ÂÃkmY^sru^t°icn[z
zK©¡i|k}K¢w^©ojk+-im\qK¢­¢1zEn[^
Ωiε
Ä®¯[zErckuY[^il\K¢­¢zK©ilkuE¢w^K§W£*^Y¦¥E^szKnimtw[^sru^]Njtwim±=z *^snTku^sr
0
Kn
r}Kjtwoi
ε
§
(Γε) : r = ε.
½³^+Y¦¥K^%szKnimtw[^sru^]n)t­n¡t°j^snTk[¢°n[^%£¦¥K^
uinc(x) = −eik ex·x
£
Y[^]rm^
ex
ru^ «^sr}i*kmzqkuY[^
x
[t­ru^]kmtwzKn
z PkuY[^ *Krlku^]imtwKn=z?zKr}jtwn$ku^]itwn
R2
®cXY[^ TKszK©[t \ n[E^sr
 «zErm\o[¢wqh?tw^s¢°[i¨7¯[zEo[rmtw^sr¨j^]szK\qIzEimt¹kut­zEn=z 
uinc
ntwn¡rmkmt°o[¢°rt­kuikuruE^¨zKnkmY[^%£
twru^
Γε
uinc|Γε(x) = −J0(kε) −
∑
|p|>1
i|p|J|p|(kε) e
ipθ.
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uε
n
uε
§
uε(x) − uinc(x) =



J0(kε)
H
(1)
0 (kε)
H
(1)
0 (k|x|) +
∑
|p|>1
i|p|
J|p|(kε)
H
(1)
|p| (kε)
H
(1)
|p| (k|x|) eipθ
t­  |x| > ε
J0(k|x|) +
∑
|p|>1
i|p|J|p|(k|x|) eipθ
t­  |x| 6 ε.
uε(x) =



J0(kε)
H
(1)
0 (kε)
H
(1)
0 (k|x|)
t¹  |x| > ε
J0(k|x|)
t¹  |x| 6 ε.
¿a^sn[zKkm^
pε
§[kmY[^*{|o[\q=z kmY[^%nzKru\qK¢0j^srutw¥¦kmtw¥K^z 
uε
®1XY^sn0§
(uε, pε)
t°i*kmY^%o[n[t°vEo^+zKo[¢­^%iu$kutwil «h?t­n[



(uε, pε) ∈ H1(ΩR) × C
ilo¡}Y-kuY$kQ§
∫
ΩR
∇uε · ∇v − k2
∫
ΩR
u
εv + λR
∫
ΓR
vuε +
∫
Γε
p
εv =
∫
ΩR
fv ∀v ∈ H1(ΩR),
∫
Γε
quε = 0 ∀q ∈ C.
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n·zKr}j^sr+zEn[^szKn[t¹kut­zEn¸£
t¹kuY
tw\5I^]ns^%Ktw¥K^sn©?h
λR = −
H
(1) ′
0 (kR)
H
(1)
0 (kR)
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£¦¥K^s¢w^snkmYtwi
λ = 1
§Kn)ilz
k = 2π/λ = 2π
®¤½ÌY$kct°iru^s[ru^]im^snTkm^Q-twnN¯t­Eo[ru^ * t°ikmY^%rm^]¢wkmtw¥K^^srurmzEr
twn
H1
nzKru\"t­nkuY[^%ÁszEn[^
ΩR \D(0, R′) = {x ∈ ΩR
k]® v
1 < |x| < 3 } §[¦£*¦hq «ruzK\9kuY[^+im\qK¢­¢µzE©ilkuKs¢­^
N rurmzEr
=
‖uε − uε,h‖H1(ΩR\ΩR′ )
‖uε‖H1(ΩR\ΩR′ )
.
~c %zKoruim^K§/kmY[t°i^]rmruzKrjz?^]i7n[zkk}±K^=twnTkmz¸EszEo[nTkqkmY[^=^]rmruzKrzK akuY[^=\qz?[^s¢
 
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ε/λ = 0.01
n¡
h/λ
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b=zErm^]z$¥K^sr/ «zKr
ε/λ
5¢wzkcim\¢w¢­^]r]§? «zEr
^j^s\q[¢w^
ε/λ = 10−5
§jkuY[^rm^]¢wkmtw¥K^^sruruzKr*twiK[[ruz¦jt­\$ku^s¢wh^]vToK¢
kmzqÂ
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h/λ = 10−2
®XY^/k}©[¢w^©¡^]¢­z$£·hTtw^s¢°[ikuY[^rukm^]i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£
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kmY^+ilt­kmokmtwzKn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Y[^sn
ε→ 0 ®
ε/λ
r}$ku^
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pε
®nj^]^])oimtwn[kmY^
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uε
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0 «zEr
^j^s\q[¢w^QÄ§[£*^¨zE©jkuKt­n
p
ε = [
∂uε
∂n
]Γε = k
J0(kε)H
(1) ′
0 (kε) − J ′0(kε)H
(1)
0 (kε)
H
(1)
0 (kε)
= ik
J0(kε)Y
′
0(kε) − J ′0(kε)Y0(kε)
H
(1)
0 (kε)
= k
2i
πkε
1
H
(1)
0 (kε)
=
2i
πεH
(1)
0 (kε)
.
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p̆ε = 2πεpε = 4i
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t­kmY n E[jt­kmtwzKn[n¡¢ilYK¡^À «o[nkmtwzKn £
Y[zEim^ruzK¢w^£
tw¢­¢¨©I^Àkuz·ru^s[ruzjjos^NkmY^
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K[[t¹kut­zEn¢*ilYK¡^- «o[nkmtwzKn
ψε ∈
H1(ΩR)
£
tw¢w¢©I^cn[zzkmY^srPkuYnkuY[^cn^]r¤´^s¢°=Â»im^s^¨il^Q¬kut­zEn-j®w]Ä1kurmo[n¡s$ku^]q©?hq´[j^]7sojkHzº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ψε(x) = 2π χ0(x)V
ε
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V h
e
= {u ∈ C0(ΩR) | ∃(v, α) ∈ V h × C
is® k
u = v + αψε, }
n¡K¢wimzj^´n^
Zε,h
e
= {wh ∈ V he | bε(wh, qh) = 0 ∀ qh ∈ Qh} = {wh ∈ V he |
∫
Γε
∂V ε0
∂n wh = 0. }
®
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FP nqkmY^sKim^£
Y[^sru^
Ωiε
twiyjt°im±z µ^]nTkm^sr
0
Kn5ruEjt­o¡i
ε
§KkmY[^
^s?rm^Qimimt­zEnzK kuY[^cKjt¹kut­zEn¢
imYI^¨ «o[n¬kut­zEn)twi
Erm^Q$ku¢­h7imt­\q[¢wt­´^]µ®Pn¡j^s^Q-kuY[^sru^Y[zK¢°[i
ψε(x) = χ0(x)1ΩR\Ωiε
(x)
1
2π
ln
|x|
ε
.
_z$£ £*^²ru^¢wzTzE±?t­n[· «zKr
uε,h
imzK¢wojkut­zEnÌkmz kmY[^¼jt°iuru^km^³iltw\q[¢wt¹´^Q [ruzK©¢­^]\ ¡zTil^QÌ£
t¹kuY kuY[t°in^s£
[rmz¦jtw\$kmtwzKnil¡K^E®PXY[^¨ «zKru\o[¢°$kut­zEnzK AkmY^+jtwiuru^ku^[rmzE©[¢w^s\"t°i
n[z$£



¯t­n
(uε,h, pε,h) ∈ V he ×Qh
imo}Y-kuY$k
a(uε,h, wh) + b
ε(wh, p
ε,h) = 〈f, wh〉V,V ′ ∀wh ∈ V he
bε(uε,h, qh) = 0 ∀qh ∈ Qh.
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ψε = 0
zEn
Γε
§?kuY[^rm^Qilo¢¹k}i¤zK 0^]\5\Ei * ®­¨n * ® ilkmtw¢w¢IYzK¢°7ru^s[¢°Kst­n[
V h
©?h
V he
®1½À^%sKn7kuYTo¡i/rmz$¥E^^jt°i|ku^sns^
n¡-o[ntwvTo[^]n[^]iui «zKrkuY[^+imzK¢wojkmtwzKnz [rmzE©[¢w^s\eÂ»®wQÄ¬§¡n¢°ilz5zK©[kutwnkmY[^%^Qi|kut­\km^
‖uε − uε,h‖H1(ΩR) 6 κ
√
ln 1/ε inf
wh∈V he
‖uε − wh‖H1(ΩR),
Â«¡® EÄ
 «zKr¨7imo[t¹k}©[¢w^
κ > 0
twnj^]¡^]nj^snTk¨z 
ε
®XY[twikmtw\q^K§IkmY[^rmtwKYTk CYKn)ilt°j^+zK 1kmY[t°ictwn[^QvEo¡¢wt¹k|hYKiailzE\q^
}YKn^¨kmzq©I^+il\K¢­¢0imt­n¡^kmY^+[[ruz¦jt­\kmtwzKn-imKs^
V he
szKnTkuKt­ni
ψε
®
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_z$£%§£/^[ru^]im^snTk5´r}i|kru^]imo[¢­kzK E¢­zE©¢0szKnimt°i|ku^snshkmYkKtw¥K^Qi
q©¡zEo[n «zKrkuY[^+^sruruzKrzKnkmY[^%£
YzK¢w^
jzE\qKt­n
ΩR
®1XY^a[ruz?z Ajtwru^]¬ku¢­ho¡il^QiykuY[^¨Eilh?\qjkuzkmt°¨nK¢­hjimtwiy «zKr*£
Y[tw}Y£/^¨ru^]sK¢­¢w^]imzK\q^¨rm^Qilo¢¹k}i¤twn
xPr}EruK[Yj®w®
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κ > 0
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(0/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1
ε
"?
h
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inf
wh∈V he
‖uε − wh‖H1(ΩR) 6 κ(ε1/2 + h).
  Ê0Ê?> 
n zKr}j^srqkuz¼^]ilkmtw\$km^)kuY[^N¢w^ Ãk CYKnÌimtwj^=zK akuY[^K©¡z$¥E^twn[^QvEo¡¢wt¹k|h¸£*^=£
tw¢­¢aoil^)kuY[^Eilh?\qjkmzKkmt°
^jKnimt­zEn7kmY¡$k£*^%[rm^]¥?t­zEoil¢whtwnEkurmzjjo¡^]0®A^koic[[¢wh-XY[^]zKru^s\&[® * ®
‖uε − ũε‖H1(ΩR) 6 κ ε1/2.
XY?oi]§j£/^%Y¦¥E^ckuY[^%^]ilkmtw\$ku^
infwh∈V he ‖uε − wh‖H1(ΩR) 6 κ ε1/2 + infwh∈V he ‖ũε − wh‖H1(ΩR),
6 κ ε1/2 + infwh∈V h ‖ũε −
− u0(0)
ln ε−λ0 ψ
ε − wh‖H1(ΩR).
n kmY[^=¢°Kilkku^sru\ z akmY[t°itwn[^]vToK¢­t­k|hK§/£/^[ojkkuY[^NKjt¹kut­zEn¢
imYI^ «o[nkmtwzKn,t­n zKr}j^]rkuzl±?t­¢w¢ kmY^
imt­n[Eo[¢°rut¹k|h%zK 
ũε
®1¶cz$£/^]¥K^]r]§
ψε
jz?^]i1nzkyru^s[ruzjjo^*^[E¬km¢wh%kuY[twiPimtwn[Ko[¢°rut­k|hK§imz¨£*^t­nTkurmzjjos^
n[zKkmY[^]r
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 «o[nkmtwzKn
ψ̃ε
¢wzEim^¨kmz
ψε
®P½À^+j^s´n[^%t­k©?h
ψ̃ε(x) = χ0(x)(1 − χε1/2(x))
2
π
(J0(k|x|) − 1) ln |x|
+ χ0(x)1ΩR\Ωiε
(x)
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
)
+ χε1/2(x)1ΩR\Ωiε
(x)
(
4V ε0 (x) −
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
))
.
XY[^%^]rmruzKrsKn©I^+j^]szK\qIzEim^]t­nTkmzqk|£*zkm^sru\iKi/ «zE¢­¢wz$£i
inf
wh∈V he
‖ũε − −u0(0)
ln ε− λ0
ψε − wh‖H1(ΩR) 6 inf
wh∈V h
‖ũε − −
π
2 u0(0)
ln ε− λ0
ψ̃ε − wh‖H1(ΩR)
+
κ
ln 1/ε
inf
wh∈V h
‖ 2
π
ψε − ψ̃ε − wh‖H1(ΩR).
XY[^´ruilk¨km^sru\z PkuY[^rutwKYTkaYKnNimtw[^zK PkmY[t°i¨t­n[^QvTo¢wt¹k|h=]nN©I^o[¡^]ra©IzKonj^]oimt­n[ 0^]\5\ \ ® *
Â«£
t­kmY=imo[t­ku©¢­^%zEnilkunTk¬Ä¬§
inf
wh∈V h
‖ũε − −
π
2 u0(0)
ln ε− λ0
ψ̃ε − wh‖H1(ΩR) 6 κ (ε1/2 + h).
kmY^+il^QzKn¡7ku^sru\"t¹k}il^]¢¹ PsKn)©¡^+im[¢wt¹k
twnEkuzqk|£/zqKrlk}is§
2
π ψ
ε − ψ̃ε = −χ0(x)(1 − χε1/2(x)) 2π
(
J0(k|x|) − 1
)
ln |x|
+χ0(x)(1 − χε1/2(x))
(
4V ε0 (x) −
(
2
πJ0,0 ln
|x|
ε + Y0,0 + l
1
0(V0)
))
.
XY[^´r}ilk¡rmk
]n©¡^%©IzKonj^]oimtwn[¢°Kiuilt°sK¢WszKnimt°i|k}nsh7^]ilkmtw\$km^Qi
n
‖(1 − χε1/2(x))
(
J0(k|x|) − 1
)
ln |x|‖H2(ΩR) 6 κ ln 1/ε,
£
Y[tw¢­^akmY^¨im^]szKn¡rmk*sKn7©I^ao[¡^]r*©IzKonj^]-oimt­n[kmY[^akm^Q}Y[n[t°sK¢ A^s\q\ \ ® t­nkuY[^[I^sn[t¹µ®P½³^
´n
1
ln 1/ε
inf
wh∈V he
‖ 2
π
ψε − ψ̃ε − wh‖H1(ΩR) 6 κ (ε1/2 + h).
Hk/t°i/n[z$£Ìilo!7st­^]nEk/kmzE$kuY[^sr*¢w¢[kuY[^]im^c[ru^s¥?twzKoi¤^]ilkmtw\$km^Qiykuz+zK©[kutwnkuY[^c^s?t°ilkm^sn¡^czK 
κ > 0
t­n[^sI^sn!
j^]nEkzK 
ε
ilo}YkmY¡$k
inf
wh∈V he
‖uε − wh‖H1(ΩR) 6 κ ε1/2 + inf
wh∈V he
‖ũε − −u0(0)
ln ε− λ0
ψε − wh‖H1(ΩR)
6 κ ( ε1/2 + h ).
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‖uε − uε,h‖H1(ΩR) 6 κ
√
ln 1/ε ( ε1/2 + h ).
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|pε − pε,h| 6 κ
√
ln 1/ε ( ε1/2 + h ).
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pε,h
®1nj^s^Qµ§?ilo[¡zTil^ckmYk
kmY^+zKo[¢­^
(h, ε)
Kz?^Qi*kmz
0
ilz5kmY¡$k √
ln 1/ε ( ε1/2 + h )
K¢wimzEz?^]i/kmz
0
®1¯zKr
^sjK\q[¢­^¨kuY[twitwi¥E^srut¹´^Q
£
Y[^]n
ε = h1+ν
 «zKr5=Ktw¥K^]n
ν > 0
n·zKruru^]im¡zEn[ikuzN[r}K¬kutw]¢*ilt­kmokmtwzKni]®NXY[^]n¼kmY[t°i5zKruzK¢w¢°ruh
{|zKtwn[^Q£
t­kmY N vToK¢­t­k|hÂCj® TÄimY[z$£i/kmYk
pε,h ∼ pε ∼ κ/ ln 1/ε ®XY[^¨k|£*z5¢°Kilkru^]imo[¢¹k}i
iloKK^Qi|k*kmY¡$k
kmY^zEnT¥E^sruK^]n^atwi
vTo[t­km^+im¢­z$£ £
t¹kuY
h
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¡^Qrut­n[ct­nkmY[^Qil^/rm^Qilo[¢­kui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h
√
ln 1/ε
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h
√
ln 1/ε
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q
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[ruzKIzKrmkmtwzKnK¢µkmz
h
√
ln 1/ε
®cXY^+n[^?kakmY[^]zKru^s\ilY[z$£i
kmYkckmY^^sruruzKr
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‖uε − uε,h‖H1(Ω0) 6 κ (ε+ hq + ‖uε − uε,h‖H−p(Ω1)).
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X±K^ak|£*z5zE¡^]n=il^skui
Ω1,Ω
′
1
imo}Y-kuY$k
Ω0 ⊂⊂ Ω1 ⊂⊂ Ω′1 ⊂ ΩR
n
Ω′1 ∩
imo[[
ψε = ∅ ®y¯twruilk]§j©?hkmrut°n[Eo[¢wKrt­n[^QvTo¢wt¹k|hn)XY[^szErm^]\qi[® n¡)[® §j£/^+]n´n
κ
t­n¡j^sI^sn[^snTkcz 
ε
Kn
h
imo}YkmYk
‖uε − uε,h‖H1(Ω0) 6 ‖uε − uε‖H1(Ω0) + ‖uε − uε,h‖H1(Ω0) 6 κ ε+ ‖uε − uε,h‖H1(Ω0).
b=zErm^]z$¥K^srQ§?kuY[^szErm^]\9 «ruzK\&_ct¹k}im}Y[^+Kn)fj}Y$kuÁ \ ®wkmYk£/^ru^]sK¢­¢Wtwn=[I^sn[t¹µ§[h?tw^s¢°[i
‖uε − uε,h‖H1(Ω0) 6 κ(ε+ hq ‖uε‖Hq+1(Ω1) + ‖uε − uε,h‖H−p(Ω1)).
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ΩR = D(0, 3)
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F = (F1, F2) ∈ P 21
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κ+
§j£
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∫
bK
∣∣∣ F1(x̂)|F (x̂)|2 − P (x̂)
∣∣∣
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dx̂ = 0 ⇒ F1(x̂)|F (x̂)|2 = P (x̂)
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H1(ΩR)
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a(wv , w) =
∫
ΩR
v w , ∀w ∈ H1(ΩR)
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v∈L2(ΩR)
∫
ΩR
δh(ψ
ε)v
‖v‖L2(ΩR)
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a(δh(ψ
ε), wv)
‖v‖L2(ΩR)
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ε), wv −Ph(wv))
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£
Y[^]n^kuY[^rm^Qilo[¢­k©?h0^]\q\q[®­®
      (&-#
 $ 
½³^5Krm^+nz$£ t­nTkm^]rm^Qi|ku^])twnNkuY[^5szKn?¥K^]rmE^sns^z  Ph(ψε) kmz$£r} ψε twnÀ-rm^]KtwzKn)kmY¡$ka^s[¢woj^]i¨´?^Qn[^]t­EYT©IzKruY[z?zj³z kmY[^-zK©ilkuE¢w^K® \ i
ψε
t°i+¥K^]rmh³il\qz?zkuY¼t­n¸imo}Y¸=ru^sEt­zEn0§0kuY[^sru^-imY[zKo¢w²Y¦¥E^q »Kilkm^]r
zEn?¥K^sruK^]n^E®An[^s^]k}±K^¨k|£*zqzKI^sn)il^skui
Ω0 ⊂⊂ Ω1 ⊂⊂ ΩR \ Ωiε
®
$]
 	
	 !"$#% !
&(' )! T
Ω1
Ω0
¯t­Eo[rm^ K 	¤fjo[©!jzK\twni* «zErkmY[^%¢wzjs¢µ^Qi|kut­\km^
½³^+£
twimYkmz7©IzKon ‖ψε − Ph(ψε)‖H1(Ω0)
Kn ‖ψε − Ph(ψε)‖L2(Ω0)
j^sI^sn[t­n[-zKnkmY[^©¡^]Y¦¥?t­zEr
z 
ψε
t­n
Ω1
®¯zKr¨kmYtwi%Kn¢whjilt°is§W£*^£
tw¢w¢Poil^q-kmY[^]zKru^s\ z _t­kuiu}Y[^qn²fj}YkmÁ ­E C®½À^qru^]sK¢­¢kuY[twi
ru^]imo[¢¹k
twn=[I^sn[t¹µ®
 ¤Æ  · O ) 1
+-, 	.( !
 
κ > 0
?(0/	?	
 #1
ε
"?
h
!' , 
 , 
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‖δh(ψε)‖H1(Ω0) 6 κ (hq ‖ψε‖Hq+1(Ω1) + ‖δh(ψε)‖H−q+1(Ω1)).
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v ∈ Hq−1(ΩR)
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wv ∈ H1(ΩR)
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a(wv , w) =
∫
ΩR
w v ∀w ∈ H1(ΩR)
^k
a(whv , wh) =
∫
ΩR
wh v ∀wh ∈ V h.
XY[^]n
∫
ΩR
δh(ψ
ε)v = a(δh(ψ
ε), wv) = a(δh(ψ
ε), wv − whv )
6 κ‖δh(ψε)‖H1(ΩR) ‖wv − whv ‖H1(ΩR)
6 κ‖δh(ψε)‖H1(ΩR) ‖wv‖Hq+1(ΩR) hq 6 κ‖δh(ψε)‖H1(ΩR) ‖v‖Hq−1(ΩR) hq ,
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‖δh(ψε)‖H−q+1(Ω1) = sup
v∈Hq−10 (Ω1)
∫
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δh(ψ
ε)v
‖v‖Hq−1(ΩR)
6 sup
v∈Hq−1(ΩR)
∫
ΩR
δh(ψ
ε)v
‖v‖Hq−1(ΩR)
6 κ‖δh(ψε)‖H1(ΩR) hq .
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‖ψε‖Hq+1(Ω1) 6 κ(1 + ln
h
ε
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Kn ‖δh(ψε)‖H1(ΩR) 6 κ(1 + ln
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ε
)
]^]`_"aBbced!f
"K   G   #" ?#
£
Y[t°}YEt­¥E^]ioi*kuY[^´nK¢0ru^]imo[¢¹kQ®
½³^7sn²[¢­hkmY[^7iu\q^5km^Q}Y[n[t°vTo[^]i%o¡iltwn[)kmY^7il^QzKn¡Krlk%zK _ct¹k}im}Y[^7Kn¼fj}YkmÁ	WkuY[^szErm^]\etwn
zKr}j^]r/kuzzK©jk}twn¢wzjsK¢µ^]ilkmtw\qkm^twn
L2
n[zKru\)®
  Ê  Ê # #Uj Ç O*)7,
+-, 	.( !
 
κ > 0
?(0/	?	
 #1
ε
"?
h
!' , 
 , 
 ‖δh(ψε)‖L2(Ω0) 6 κhq+1 (1 + ln hε )

0^]\q\q5j® Kn7zErmzE¢­¢°ruh5[®­ah?t­^]¢w^Qi|kut­\km^]i*zEn-n7twnTkm^]rmtwzKr*jzK\twn
Ω0
ilo¡}YkmYk
Ω0 ⊂⊂ ΩR
®PXY[twi
tw\5¢­tw^]i
twnrmkmt°o[¢°rkuY$k
Ω0 ∩ ΓR = ∅
®yf?zq£/^+ilkmtw¢­¢0[zn[zk
Y¦¥E^Kn?h^]ilkmtw\qkm^%twn-kuY[^%n[^]t­EYT©IzKruY[z?zj
z 1kuY[^^sTku^srut­zEr©IzKo[nruh
ΓR
®XYtwiatwikmY[^5ilo©j{|^]kcz PkuY[^n[^s?kc¢­^]\q\q®
½À^£
t­¢w¢©¡zEo[n)kuY[^+^sruruzKrtwn
ΩR \ ΩR′
 «zKr
2 ε < R′ < R
®½À^q£
tw¢­¢¤imo[[IzEim^5kmYk
R − R′ t°i%il\K¢­¢P^]n[zKo[EY «zEr%KoKruKnTk|hTtwn[-kmYk
ψε = 0
zEn
ΩR \ ΩR′
®
  χ
ΩR′
ΩR
Γε
¯t­Eo[ru^ 	yf?o[©!jzK\Kt­n
ΩR \ ΩR′
 «zErkmY[^%¢wzjsK¢µ^]ilkmtw\qkm^%¢wzEim^¨kmz5kmY^%©¡zEo[n[KrmhE®
 ¤Æ  · O )O
+-, 	.( !
 
κ > 0
?(0/	?	
 #1
ε
"?
h
!' , 
 , 

‖δh(ψε)‖H1(ΩR\ΩR′ ) = ‖Ph(ψ
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‖χ̃Ph(ψε) −Ph(χ̃Ph(ψε))‖H1(ΩR) 6 κ ‖χ̃Ph(ψε) − Πh(χ̃Ph(ψε))‖H1(ΩR)
6 κ ‖χ̃Ph(ψε) − Πh(χ̃Ph(ψε))‖H1(O)
6 κ ‖χ̃Ph(ψε)‖H1(O) 6 κ ‖Ph(ψε)‖H1(O)
‖χ̃Ph(ψε) −Ph(χ̃Ph(ψε))‖H1(ΩR) 6 κhq(1 + ln hε ).
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a(Ph(ψε), χ̃vh) = a(Ph(ψε), χ̃vh − Πhχ̃vh).
\ icilo[ ∇χ̃ ⊂ O n)imo[[
(
χ̃vh − Πh(χ̃vh)
)
⊂ O §£/^%sKnzE©jkuKt­n κ > 0 imo}YkmYk
∣∣∣
∫
ΩR
(
Ph(ψε)∇χ̃ · ∇vh − vh∇χ̃ · ∇Ph(ψε)
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bε(uε,h
h
, q) − Lε,h
h
c(pε,h
h
, q) = 0 ∀q ∈ Qhap.
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ε), δh(ψ
ε)) + bε(δh(ψ
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½³^%zK©jk}twn[^]n^j[¢wtwst¹k^sj[rm^QimimtwzKn7 «zErkmY[^%¢wtwn[^st°t­n¡jo¬k}ns^
Lε,h
h
=
b̆ε
(
δh(ψ
ε)
)2
a
(
δh(ψε), δh(ψε)
) = −b̆ε
(
δh(ψ
ε)
)
×
−b̆ε
(
δh(ψ
ε)
)
a
(
δh(ψε), δh(ψε)
) . Â»® TÄ
½³^c£
tw¢­¢Ioim^kmYtwi/^j[ru^]iuiltwzKnqtwn7zKr}j^]rykmz[ruz$¥K^imzK\q^[ruzKI^srmkmtw^]iy «zKrykuY[^c¢wtwn[^st°twnjokuKn^E®1XYtwi/twi¤kmY^
\q^]Kn[t­nz µkuY[^¨n[^?krm^Qilo[¢­kui]®P¯[zErykmYtwin¡¢wh?imt°is§T£/^a£
t­¢w¢Wt­nTkurmzjjos^a+ «o[rlkuY[^srKiuimo[\qjkmtwzKnkuY$k£
tw¢­¢W©I^
imo[[IzEim^]¥K^srut­´^]- «zKrkuY[^%rm^Qi|k
zK kuY[twi
[z?so[\q^snTk]®
V :  XY[^sru^^jt°i|k}i
κ > 0
n¡
ν > 0
imo}YkmYk
ε(h) > κh1+ν
®
XY[t°i¨twirm^Qi|kurmt°¬kut­¥E^Kiuimo[\qjkmtwzKn0®+_czku^Y[z$£*^s¥E^srckmYkt­ktwi¨IzEiuiltw©[¢w^kuzimo[[IzEim^kuY$k
ν
twi¨¢°ruK^K§I «zEr
^[K\5¢­^
ν = 10
®XY[t°i%tw\q[¢­tw^]i%kmY[^ «zE¢­¢wz$£
twn[)©¡zEo[n	kmY[^]rm^^s?t°ilkui
κ > 0
t­n[^sI^snj^]nTkz 
ε
Kn
h
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imo}YkmYk | ln(h/ε)| < κ ln(1/h) ®/zKnimt°j^srut­n A^s\q\Kicj®w%n=j® * §¡£/^%zE©jkuKt­n^jt°i|ku^sns^%z  κ > 0twnj^sI^sn¡j^snTkz 
ε
Kn
h
ilo}YkmY¡$k
‖ψε‖H1(ΩR) < κ
^k ‖ψε‖L2(ΩR) < κh
Â»® KÄ
XY[^q¢wt­n[^]tw5twnjokuKn^sKnÀ©I^il¢­t­k%t­nTkmzk|£*z¡rmkui]§0Ki¨kmYtwi%K[¡^Qr}i¨t­n²¯[zErm\o[¢w³Â»® KÄ¬® 0^s\q\)[® *
h?t­^]¢wiilzE\q^%t­nj «zErm\kmtwzKn=©IzKojk
kuY[^%´r}ilkcrmk£
Y[tw¢­^ A^s\q\7[® j^]K¢wi£
t¹kuY)kmY[^im^]szKnzEn[^K® /hkmY^
£¦hK§1£/^-£
t­¢w¢¤´¡n¢w¢­h²zE©jkuKt­n¸Kn¸^j[ru^]iuiltwzKn²¥E^sruh³s¢­zTil^kuzNkuY[^-zEn[^7IzKtwnEku^]·zKojktwn  * «zKr *rmkm^]imt°n
Krut°[is®
 ¤Æ  ·R9 ) : +-,   .( 
 U1J?'	
 7#
r(ε(h), h)
%#J[ 
h→ 0 !' , 
 , 

−b̆ε(δh(ψε)) = ln(
h
ε
) + r(ε, h)
  Ê0Ê?>  ½³^+i|k}rmko¡iltwn[5kmY[^+[^´n[t­kmtwzKn)zK 
g
Kn7kuY[^+j^QzK\qIzEimt¹kut­zEntwn¼ÂU[® Ä® \ i
ψε = 0
zKn
Γε
§
−b̆ε(δh(ψε)) =
∫ 2π
0
Ph(ψε)(ε, θ)dθ =
∫
ΩR
Ph(ψε) g
=
∫
ΩR
Ph(ψh) g + (ln
h
ε
+ t(h))
∫
ΩR
Ph(χ0) g
+
∫
ΩR
Ph(u1) g +
∫
ΩR
Ph(u2) g
½³^5£
tw¢w¢1ilkmo¡jh=^]E}Yz ¤kmY[^5km^]rm\i¨[I^]Krmtwn[t­nÀkmY[^5rut­EYEk CY¡nNimt°j^©Iz$¥K^K®%¯twruilk]§WkuY[^il^QzKn¡)km^]rm\
sKn©I^%ru^s£
rut¹kmkm^sntwnkuY[^ «zK¢w¢wz$£
t­n[q\nn[^sr
∫
ΩR
Ph(χ0) g =
∫
ΩR
χ0 g +
∫
ΩR
(Ph(χ0) − χ0) g
=
∫
ΩR
g +
∫
ΩR
(Ph(χ0) − χ0) g = 2π +
∫
ΩR
(Ph(χ0) − χ0) g.
b=zErm^]z$¥K^sr/kmY^ «zK¢w¢­z$£
twn[5^]ilkmtw\qkm^%Y[zE¢wi
∣∣
∫
ΩR
(Ph(χ0) − χ0) g
∣∣ 6 ‖hg‖L2(ΩR)
‖Ph(χ0) − χ0‖L2(ΩR)
h
6 κ ‖χ0‖H2(ΩR) h.
`cimtwn[Kiuilo[\qjkut­zEnXV : §j£*^zK©jk}twnkmY[^%^s?t°ilkm^sn¡^z 1ilzE\5^
κ
twnj^]¡^]nj^]nEkzK 
h
imo}YkmYk
| ln h
ε
1
2π
∫
ΩR
Ph(χ0)g − ln
h
ε
| 6 κ.
XY[^kuY[t­r}n «zKorlkuY-ku^sru\ sKn©I^+j^QzK\qIzEim^]t­nkuY[^ «zK¢w¢­z$£
twn[5\n[n[^]r+Â
i = 1, 2
Ä
∫
ΩR
Ph(ui) g =
∫
ΩR
ui g +
∫
ΩR
(Ph(ui) − ui) g.
b=zErm^]z$¥K^sr*£*^¨Y¡¦¥K^akmY[^%^Qi|kut­\$ku^
∣∣
∫
ΩR
ui g
∣∣ 6 ‖ui‖L∞(ΩR)‖g‖L1(ΩR) 6 κ ‖ui‖L∞(ΩR)‖hg‖L2(ΩR)
n¡
∣∣
∫
ΩR
(Ph(ui) − ui) g
∣∣ 6 ‖hg‖L2(ΩR)
‖Ph(ui) − ui‖L2(ΩR)
h
6 κ ‖ui‖H2(ΩR) h.
¯t­n¡¢w¢­h «zErkmY[^´¡ruilk
km^]rm\)§ ∫
ΩR
Ph(ψh)g =
∫
ΩR
δh(ψ
h)g
imt­n¡^ ∫
ΩR
ψhg = 0
®y¶c^sns^K§
∣∣∣∣
∫
ΩR
δh(ψ
h)g
∣∣∣∣ 6 ‖δh(ψh)‖L2(ΩR) ‖g‖L2(ΩR) 6 κh2 ‖ψh‖H2(ΩR)‖g‖L2(ΩR) 6 κ (h‖g‖L2(ΩR))2
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`cimtwn[¢w¢µkmY[^%rm^Q^][t­n[5ru^]imo[¢¹kQ§[£*^¨zE©jkuKt­nkmY^+zKn¡¢woiltwzKnA®
½³^¨£
tw¢w¢µn[z$£ n¡¢whTÁ]^kuY[^%il^QzKn¡7Krlkz kmY[^¢wt­n[^]tw¨twnjokuKn^E®Hk
t°it­nY[^srut¹ku^]- «rmzE\ N vTo$kut­zEnÀÂU[® * Ä¬®
b=zErm^]z$¥K^srct¹ktwiaIzEiuiltw©[¢w^+kmz[ruz$¥Tt°j^5 «zKru\¢t­nTkm^]rmrm^sku$kut­zEnNz PkuY[t°iaru^s¢°$kut­zEn0® 0^k¨oi¨oim^vTo¢wt­ku$kut­¥E^
ruKo\5^]nTkui]®/zErmzE¢­¢°ruhNÂ«¡®­]Äimo[EK^]ilkui/kuY$k
uε,h ' ũε ®yb=zErm^]z$¥K^]r
pε,h ' p̃ε = [∂ũ
ε
∂n
]|Γε ' [
∂uε,h
∂n
]|Γε = [
∂uε,hr
∂n
]|Γε
︸ ︷︷ ︸
' 0
+[
∂
∂n
pε,hs V
ε
0 ]|Γε ' pε,hs
∂V ε0
∂n
.
XY[t°i¨´nK¢­¢wh=h?t­^]¢w[i
p̆ε,h ' pε,h
s
®5_cz$£¢­z?zE±N$k%rm^]¢wkmtwzKn·ÂU[® * Ä®5
^]\qt­nkmY¡$kkmY[^im^]szKnNkm^sru\zK ¤kmY^
rut­EYEk CY¡n%imtw[^¤t°iim\¢w¢U®nKjt¹kut­zEn+£*^/sKn+ilYz$£²kmYk
1/pε,h
t°iA©IzKo[n¡j^]%©?h%imzK\q^kuY[t­nc[ruzKIzKrmkmtwzKnK¢
kmz
ln 1/ε
Â«tC® ^E®
pε,h 6= 0 Ä®kmY[^]n£*^%zK©[kutwn
−b̆ε(δh(ψε))
a(δh(ψε), δh(ψε))
' 1.
XY[t°i
twnEkuo[t­kmtwzKn)twi
szKnj´¡rm\q^]©?hkmY^%n[^?k¢w^s\q\[®P½³^+¢°ilzqtw¢­¢woilkmr}$km^¨kuY[twi£
t¹kuYkuY[^%n?o[\q^srutw]¢µ^s?I^srut
\q^snTkui[rm^Qil^]nTkm^]-t­n=¯twKo[ru^qQ?®
 ¤Æ  ·R9 ) 1
−b̆ε(δh(ψε))
a(δh(ψε), δh(ψε))
= 1 +O(h ln 1/h) 3 , 	 h→ 0
  Ê0Ê?> 
½³rmt­km^
a(δh(ψ
ε), δh(ψ
ε)) = a(ψε, δh(ψ
ε)) =
∫ 2π
0 Ph(ψε)(ε, θ)dθ − 2
∫
ΩR
∇(ln |x|) · ∇χ0 δh(ψε)
−
∫
ΩR\Ωiε
ln |x|ε (∆χ0 + k
2χ0)δh(ψ
ε)
\ sszKr}jtwn[kmz 0^]\q\qN[® j§0kmY^sru^^jtwilkui
κ > 0
ilo¡}YÀkuY$k
a(δh(ψ
ε), δh(ψ
ε)) > κ
®¿at­¥?t°jtwn[)kmY[t°i%©?h
a(δh(ψ
ε), δh(ψ
ε))
§[£*^¨zE©jkuKt­n
−b̆ε(δh(ψε))
a(δh(ψε), δh(ψε))
= 1 + 2
∫
ΩR
∇(ln |x|) · ∇χ0 δh(ψε)
a(δh(ψε), δh(ψε))
+
∫
ΩR\Ωiε
ln |x|ε (∆χ0 + k
2χ0)δh(ψ
ε)
a(δh(ψε), δh(ψε))
.
~ankmY[^%zEn[^Yn0§jkmY[^]rm^^s?t°ilkui
κ > 0
twnj^]¡^]nj^]nEkaz 
ε
n
h
imo}YkmYk
‖∇(ln |x|) · ∇χ0‖L2(ΩR) 6 κ
^k ‖ ln |x|
ε
(∆χ0 + k
2χ0)‖L2(ΩR\Ωiε) 6 κ ln 1/h.
~ankmY[^+im^]szKnYn¡µ§[n[^QvEo¡¢wt¹kut­^Qi%Â»[® $ÄK¢­zEn[q£
t¹kuYkuY[^ *o¡}YTh |fj}Y?£*KrlkuÁtwn[^]vToK¢­t­k|h7[ruz$¥?twj^
∣∣∣
∫
ΩR
∇(ln |x|) · ∇χ0 δh(ψε)
∣∣∣ 6 κh ^sk
∣∣∣
∫
ΩR\Ωiε
ln
|x|
ε
(∆χ0 + k
2χ0)δh(ψ
ε)
∣∣∣ 6 κh ln 1/h
XY[t°i
¢w^]Ki¤kuzqkmY[^+[^]imt­ru^]rm^Qilo¢¹kQ®
*h\q^Qnicz  0^]\5\Eic[® 7n¡=[® * §¡£*^+Y¦¥E^%n[z$£ j^]iurutw©¡^QkmY[^k|£/zKrlk}izK kuY[^¢wtwn[^st°%twnjokun¡^K®
½³^+sn)j^Qjo^+qimo[©ilkuKnEkutwK¢0iltw\q[¢wt¹´¡]$kut­zEnzK 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10
−2
10
−1
10
0
10
−5
10
−4
10
−3
10
−2
10
−1
10
0
∣ ∣ ∣
−
b̆ε
(δ
h
(ψ
ε
))
a
(δ
h
(ψ
ε
),
δ h
(ψ
ε
))
−
1
∣ ∣ ∣
_czK\©rm^%j^IzKtwnEk}i
Kr*¢wzKnKo[^]o[r	 zKnj^
h/λ
XY[t°}±?n[^]iui
ε/h = 10−4¯t­nt¹ku^+^s¢w^s\q^snTk}iz 1zKr}j^sr *
¯twKorm^qQ 	 /zKn?¥K^]rmE^sns^cz kmY^%rukmtwz5j^s´n[^Qtwn 0^]\5\q[® 
  Ê  Ê # #Uj Ç 9 )7,
∣∣∣Lε,h
h
− bε(δh(ψε))
∣∣∣ 6 κh ln2(1/h).
  Ê0Ê?> 
`cimtwn[+Kiuilo\5[kmtwzKn V : §TzKn^
^]Kimtw¢­h5il^]^kmYk |bε(δh(ψε))| 6 κ ln 1/h ®1XYTo¡iPoimt­n[¢­^]\5\Eiy® +Knj® ?§[£*^zK©jk}twn-kuY[^+j^Qiltwrm^Q-ru^]imo[¢­k]®
xyruz$¥?twj^QakmYkKiuimo[\qjkmtwzKniZV , §"V 2 n V : ru^¤imkmt°i|´¡^]µ§¦£*^¤sKn%Ktw¥K^1kmY^y «zK¢w¢wz$£
t­n[a[[ruz¦jt­\km^
^j[ru^]iuimt­zEn
Lε,h
h
= ln
h
ε
+ r(ε, h) +O(h ln2 1/h)
X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k
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a
®P¶z$£ 
^s¥E^srPn?o[\q^srut°s¢j^sj¡^]rmtw\q^snTkyilY[z$£·kmYk¤KkmoK¢­¢wh%kmY^¥$¢wo[^z IkmY[^
^s?rm^Qimimt­zEnÂU[® Ät°iPn[^]Krm¢wh+twnim^snimt¹kut­¥E^
kmzq¥$rut°$kmtwzKn¡iz AkuY[^ «ru^]vTo[^sn¡hK®Pn´Eo[ru^ * §[£*^¨Y¡¦¥K^rm^][ru^]im^snTkm^QÂ»® KÄ*¥K^sr}imoi*kmY[^ «ru^]vTo[^]nhÀÂ«\qzKru^
[ru^]stwim^s¢wh=¥K^]ruimoickmY[^n?o[\©¡^]r¨zK /IzKtwnTkuiI^sr%£¦¥K^s¢w^snkmY£
t¹kuY³´[j^]³ilkm^s
h
Ä¬§AKn£*^qil^]^kuY$kkuY[twi
j^]¡^]nj^sn¡h-t°i¥K^]rmh-£/^Q±W®
0 1 10 100 1000
−20
−15
−10
−5
0
5
x 10
−4
L
ε
,h
h
(h
/
λ
)
−
L
ε
,h
h
(2
0
0
)
L
ε
,h
h
(2
0
0
)
_o[\©¡^]r
z 1¡zEt­nTkuiI^src£*¦¥E^s¢w^sn[KkmY
λ/H
XY[t°}±?n[^]iui
ε/h = 10−4¯t­nt¹ku^+^s¢w^s\q^snTk}iz 1zKr}j^sr
Lε,h
h
(200) = 0.918
¯t­Eo[rm^q * 	P
^s¢°$kut­¥E^¥¦Krmt°$kut­zEn-zK kuY[^%¢­twn[^]twtwnjokuKn^E®
XY[t°iqilo[EK^Qi|k}i+oikmz³zE\5ojkm^^j[ru^]iuiltwzKn ÂU[® Ä+ «zKrn¸^]¢­^Q¬kurmzTi|k}$kmt°[ruzK©¢­^]\§¤zKrszK\q[ojku^t­k5 «zKrq
z?^]rust­¥E^[ruzK©[¢w^s\)§jn7oil^akmY^¨szKrurm^QilIzKn[t­n[¶zK¢w¢°n¡r}\q^ku^sry «zEr¤kuY[^a «zK¢w¢­z$£
twn[im^s\qtH[twiuru^kut­Á]^]
iu}Y[^s\q^



¯t­n
(uε,h
r
, pε,h) ∈ C1( [0, T ], V h) × C1( [0, T ], Qh)
imo}Y-kuY$k
d2
dt2
∫
ΩR
uε,h
r
(t)wh +
∫
ΩR
∇uε,h
r
(t) · ∇wh +
∫
ΓR
∂uε,hr
∂t
(t)wh + b
ε(wh,
∂pε,h
∂t
)
= 〈f, wh〉V,V ′ , ∀wh ∈ V h
bε(uε,hr , qh) − Lε,hh c (
∂pε,h
∂t
, qh) = 0 ∀qh ∈ Qh.
XY[^+ilkmo[h7z kmY[^%rmzE¡^]rlkut­^Qi/zK 1imo}Y)qim}Y[^]\q^¨£
tw¢w¢0©¡^kuY[^+imo[©j{|^]kz 1 «zErlkuYzE\qt­n[q£*zKru±W®
; Æ 6 Æ / Ë Æ /  Ç É 0«@, Æ 	6 Æ Kq Ê @ Æ # Ê Kj0 Ê / Ê?> @ Æ=Ê ]]# Æ 0 / @ Æ  Æ @
½ÌY[^sru^]EickuY[^q¢­twn[^]tw5twnjokun¡^qn[^]Krm¢whNjz?^]i¨n[zKk+j^sI^snÀzKnÀ «ru^]vTo[^sn¡hK§µ£*^q£
t­¢w¢yim^s^kmYkt­k%rm^Q¢w¢­h
j^]¡^]n[i
zEn-kuY[^%¢­zj]$kmtwzKnz kmY^%£
t­ru^t­nimt°j^¨kmY[^%\q^]imY0®P½³^%t­¢w¢woi|kurukm^¨kmYtwi
twn=¯t­Eo[rm^q][®
$]
 	
	 !"$#% !
&(' )! ¡
10
0
10
1
10
2
10
3
10
4
10
15
20
25
30
35
40
10
0
10
1
10
2
10
3
10
4
10
15
20
25
30
35
40
10
0
10
1
10
2
10
3
10
4
10
15
20
25
30
35
40
λ/h
Lε,h
λ/h
Lε,h
λ/h
Lε,h
¯t­Eo[ru^s 	¿a^sI^sn¡j^snsh7z AkmY[^¨¢­twn[^]twat­n¡jo¬k}ns^£
t¹kuY-ru^]im¡^Q¬k*kmzkmY[^¨¢­zj]$kmtwzKn-z 0kuY[^azE©ilkuKs¢­^at­nkmY^
\q^]imY0®
½³^
oil^Q *Krlku^]imtwKnKrut°+£
t­kmYi|ku^s
h/λ = 0.65
KnKnzE©ilkuKs¢­^*£
t­kmY5kmY[t°}±?n[^]iui
ε/λ = 10−4
®y~ankmY^
¢wz$£/^]rrmkczK P¯twKo[ru^7]7twiaj^stwkm^]=kmY[^¢­zjskmtwzKn=zK kuY[^zE©ilkuKs¢­^E§ KnkmY[^Kr}[Y¡i
t­nNkmY[^o[[I^sr¨rmk
ru^s[ru^]im^snTk
kmY^zErmru^]imIzKnjtwn[j^]¡^]nj^sn¡h)z PkuY[^+¢wt­n[^]twt­n¡jo¬k}ns^£
t­kmY=ru^]im¡^Q¬kakmzkuY[^£¦¥K^]¢­^]n[kuY0®
~an[^%sKnim^s^kuY$k «zErjt¹ºW^sru^snTkIzEimt¹kut­zEniz kmY^%zK©ilkuE¢w^atwnkmY[^%\q^]imYkmY[^]rm^t°i
q¥$rutwkmtwzKn-zK 
30%
 
; Æ 6 Æ / Ë Æ /  Ç É 0«@, Æ 	6 Æ Kq Ê @ Æ $[Ë$0  ÊQ> @ Æ $A ÈuÊ54 >  / K0 Ê /
½À^7£
tw¢w¢¤ilYz$£ kuY$k+kuY[^7¢wt­n^st°qt­n[o¬k}ns^-KkmoK¢­¢whN£*^]±?¢whÀj^]¡^]n[i%zEn²kmY[^r}K[t­oi+z *kmY[^-sojkHzº
 «o[nkmtwzKn0® nj^s^Q zKn¡ilt°j^sr5k|£*z³ «o[n¬kut­zEni
χ1
n
χ2
§*Kn,j^sn[zKkm^
ϕε1
n¡
ϕε2
kuY[^NzErmru^]im¡zEnjtwn[
Kjt¹kut­zEn¢¨ilY¡I^= «o[nkmtwzKni]®XY[^jt­ºW^sru^sns^
χ1 − χ2
twi¥K^]rmh,il\qz?zkuY n ¥$Kn[twimY[^Qi7zKn  ÂÃ´[j^]¡Ä
n[^]t­EYT©IzKruY[z?zj³z 
Γε
®=XY?oi «zErn?h
q ∈ N §kmY[^]rm^7^sjtwilkui+zKn¡i|k}nTk κ > 0 t­n[^sI^snj^]nTkz  ε ilo}YkmY¡$k ‖ϕε1 −ϕε2‖Hq(ΩR) 6 κ ln 1/ε
®bNzKru^sz$¥K^]r]§TK]zKr}jtwn[+kuzÂU®­]Ä§?kmY[^¢wt­n^st°atwnjo¡¬kuKn^¨zKn¢­htw\q[¢­tw^]i
km^]rm\i/z 0kuY[^a «zKru\
δh(ϕ
ε)
§?Y[^]n^¨£/^¨zEn¢woj^ckmYk/kuY[^a¢wtwn[^st°twnjokuKn^zE\5ojkm^Q7£
t­kmY
ϕε1
zKr*£
t¹kuY
ϕε2
t°ian[^]Krm¢wh-kuY[^qimK\5^E®aXY[^©[twKK^]rkuY[^n^stwKY?©¡zErmYzTzj)zEnN£
Y[t°}Y
χ1 − χ2
¥$Kn[twimY[^Qis§IkmY^im\qK¢­¢w^srakmY^
jt­ºI^]rm^]n^-©¡^sk|£/^]^sn²kmY^zErmru^]imIzKnjtwn[)¢wt­n[^]tw-t­n¡jo¬k}ns^K®=n¸¯twKo[ru^NQj§£*^7ru^s[ru^]im^snTku^]ÀkmY[^-¥¦K¢­o^
z ¨kmY^N¶zK¢w¢°n zEnilkunTkq «zKrÀr}K[t­oiqzK akurmonskmtwzKn ^st­kmY[^]rz 
0.9
zEr
1.2
£
Y[^sru^]EikuY[^jzE\twn zK 
zE\q[ojkukmtwzKntwic5[twim±7z 1r}Kjtwoi
2
®
]^]`_"aBbced!f
T   G   #" ?#
10
0
10
1
10
2
10
3
10
4
10
12
14
16
18
20
22
24
26
28
30
10
0
10
1
10
2
10
3
10
4
10
12
14
16
18
20
22
24
26
28
30
Ejtwoiz kmruo[n]$kmtwzKn  ® 
λ/h
Lε,h
cKjtwoiz kmruo[n]$kmtwzKn "K® 
λ/h
Lε,h
¯twKorm^qQ 	P¿c^]¡^]nj^sn¡h-£
t­kmY)ru^]im¡^Q¬kkmzqkuY[^%r}Kjtwoi*z kmruo[n]$kmorm^
  	   !   	&-#
 
(&( 
½Ìt­kmY²kmY^[rm^]¥?t­zEoirm^Qilo¢¹k}is§£/^7Krm^qn[z$£ ©[¢w^5kmz=E^k+©E}±=kmz)kuY[^´r}i|k+n?o[\q^]rmt°sK¢yim}Y[^]\q^)Â * ®wQÄKn
kmY^snrmz$¥E^%kmYk¨t­k+ilo[ºI^]ruic «rmzE\rm^Q¢nTo\5^]rmt°sK¢¢wzj}±?t­n[¡®%¯[zKrakmYtwi¨[o[ruIzEim^K§W£/^5i|k}rmka^s?rm^Qimimt­n7kmY^
zKr}j^]r*zK \En[t­kmoj^¨z kmY[^ EruKn[K^\o[¢­kmtw[¢­tw^srkuY$kt°iKrlkz kmY[^%imzK¢wojkmtwzKnz kmY[^%jt°imsrm^skm^[ruzK©[¢w^s\
Â«¡®­QÄ¬®
 ¤Æ  ·R9 )O
+-, 	.( !
   ' #"B!


κ > 0
? / [	
 #1
ε
[
h
' , 
 , "

|p̆ε,h| > κ
ln 1/ε
  Ê0Ê?>  ½³^+i|k}rmk* «ruzK\ /zKruzK¢w¢wKrmhq® ?® \ ]zKr}jtwn[5kmz5kmY^+Kiuilo[\qjkut­zEni V , §QV 2 nXV : §£/^Y¦¥E^
√
ln 1/ε ( ε1/2 + h ) = ◦
( 1
ln 1/ε
) £
Y^sn
h→ 0.
b=zErm^]z$¥K^srQ§*zKnÌkuY[^©Eilt°i7zK kmY[^³rm^Qilo¢¹k}i7z   * H§£*^sKn [ruz$¥K^)kmY¡$k-kuY[^sru^N^s?t°ilkui
κ > 0
imo}YÌkuY$k
|p̆ε| > κln 1/ε
®y¯twn¢w¢wh-zErmzE¢­¢°ruhq® imY[z$£i/kmY¡$k
kmY^+imK\5^ru^]imo[¢­kYzK¢°[i* «zKr
p̆ε,h
®
_z$£ £/^%ilkukm^kmY^%rm^Qilo[¢­k
z nTo\5^]rmt°sK¢µ¢­zj}±?twn[®
  Ê 6 Ê 0«0 Ê / 9 )7,
   /$/B#	
uε,h
l
  
 ,   #" J
 7# #1*/[#%		( 3 ,     uε,h   
 ,  	# J
 7#" #1/?#(% ) 	
?" #  7
 , 
  !J/?
 7# 

   W"   !   


 , 	  .( 
 
κ > 0
?(0/	?	
 #1
ε
"?
h
!' , 
 , 

‖uε − uε,h
l
‖H1(ΩR) >
κ
ln 1/ε
  Ê0Ê?> 
fTkuruKt­EYEkm «zKru£*Kru[¢­hE§
‖uε − uε,h
l
‖H1(ΩR) > ‖uε − uε,hl ‖H1(ΩR) − ‖uε − uε,h‖H1(ΩR)
> inf
vh∈V h
‖uε − vh‖H1(ΩR) − ‖uε − uε,h‖H1(ΩR)
> |pε,hs | inf
vh∈V h
‖ψε − vh‖H1(ΩR) − ‖uε − uε,h‖H1(ΩR).
$]
 	
	 !"$#% !
&(' )!  *
\ sszKr}jtwn[%kmz 0^]\q\qqj® ?§TkmY^sru^a^s?t°ilkui
κ2 > 0
imo}YkuY$k
infvh∈V h ‖ψε − vh‖H1(ΩR) > κ2
®Pb=zKru^sz$¥E^sr
K]zErujtwn[-kmz)zKruzK¢w¢°ruh¡®­§WkuY[^sru^q^jt°i|k}i
κ3 > 0
imo}YkmYk ‖uε − uε,h‖H1(ΩR) 6 κ3
√
ln 1/ε (ε1/2 +
h) ( → 0). XY?oi£*^+sKn£
rut­km^
‖uε − uε,h
l
‖H1(ΩR) > |pε,hs | κ2 − κ3
√
ln 1/ε (ε1/2 + h).
`cimtwn[kuY[^¤ru^]imo[¢­kAz  A^s\q\[® 
©Iz$¥K^yKnkuY[^y »E¬kAkuY$k √
ln 1/ε ( ε1/2 + h ) = ◦
(
1
ln 1/ε
) £
Y[^]n
h→ 0 §£*^¨zE©jkuKt­nkmY^+j^]imt­ru^]ru^]imo[¢¹kQ®
     À
	 
     &     &    *!
n=kuY[twi¨¡^]njt­W§W£*^+ru^]sK¢­¢ru^]imo[¢¹k¨[ruz$¥K^]©?h)_t­kuiu}Y[^Knfj}YkmÁ]^%kmYk¨K¢­¢wz$£ikmzzK©jk}twn=t­nTku^srut­zEr
^]ilkmtw\$ku^]i «zKry´n[t­km^
^s¢w^s\q^]nEk}iPim}Y^s\q^]i]®½³^
£
tw¢­¢ilkukm^*kmYtwiPru^]imo[¢­kyt­nimt­\q[¢wt¹´¡^] «zKru\ 	A£*^
zKn[¢wh+Ktw¥K^twn
kmYtwiykmY[^]zKru^s\ £
Y¡$k/]nq©¡^¨[¢­tw^]kmz AEruKn[K^/´n[t­km^c^s¢w^s\q^snTkui¤t­nqk|£*z+jtw\q^snimt­zEni1 «zErykmY^c¶^]¢­\qY[zE¢¹kuÁ
[ruzK©[¢w^s\)®PXY[t°ikmY^szKru^s\&twi
j^Qimsrmtw©I^]£
t¹kuY)\5zErm^j^skutw¢°i
t­n wK H®
TU@ Æ?Ê  Æ 3 ) , 
	 
  #7( 
Ω0 ⊂⊂ Ω1 ⊂⊂ R2  u ∈ Hq(Ω1)  uh ∈ V h
 3 
 , V h = Pq
#"
Qq
    / /#G	  	# 
 , 

a(u− uh, vh) = 0
1 # " 
vh ∈ V h 	)
 ! / / vh ⊂ Ω1
+-, 	 
 , 	 .( !
7
0 < h1 < 1
[
κ > 0
!' , 
 , "
21 #"  
h ∈]0, h1] 
‖u− uh‖H1(Ω0) 6 κ
(
hq−1‖u‖Hq(Ω1) + ‖u− uh‖H−p(Ω1)
)
‖u− uh‖L2(Ω0) 6 κ
(
hq‖u‖Hq(Ω1) + ‖u− uh‖H−p(Ω1)
)
       &  &-#
 
 !  *  
 ¤Æ  ·= )7,
+-, 	.( !
 
κ > 0
?(0/	?	
 #1
ε
!' , 
 , 
 ‖∂V
ε
0
∂n
‖L∞(Γε) 6
κ
ε

  Ê0Ê?> 
`cimoK¢sK¢wso[¢woiczK yK^]zK\q^kurmhh?t­^]¢w[ickmY^5imo[rm »K^\5^QKimo[ru^+zKn
Γε : ε (γ2 + (∂γ∂θ )
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κ < σ(θ) < 1/κ
§j£*^¨zE©jkuKt­n)
κ > 0
twnj^]¡^]nj^]nEk
z 
ε
imo}YkmYk
‖∂V
ε
0
∂n
‖L∞(Γε) 6
κ
ε
‖∂V0
∂n
‖L∞(Γ)
£
Y[t°}Y-´¡n[twimYkmY[^%rmz?z 1iltwns^
V0 ∈ C∞(ΩN )
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∥∥∥χ0(x)(1 − χε1/2(x))
(
4V ε0 (x) −
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
))∥∥∥
H1(ΩR)
6 κ ε1/2
  Ê0Ê?> 
¯[zEr
ε
im\¢w¢A^]n[zKo[EY=n «zKr |x| > √ε/2 § V ε0
Kj\qt­kuian=^jKnimt­zEnzK 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t­nq «zKru\ Â
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θ
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t­kmY
x
Ä 	
4V ε0 (x) −
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
)
=
∑
|p|>1
V0,p
ε|p|
r|p|
eipθ.
XY[^]n
∥∥∥χ0(x)(1 − χε1/2(x))(x)
(
4V ε0 (x) −
(
2
πJ0,0 ln
|x|
ε + Y0,0 + l
1
0(V0)
))∥∥∥
2
H1(ΩR)
6 κ
∑
|p|>1
(1 + p2) |V0,p|2 ε2|p|
∥∥∥
1 − χε1/2
r|p|
∥∥∥
2
H1(ΩR)
.
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ε2|p|
∥∥∥ 1−χ
ε
1/2
r|p|
∥∥∥
2
H1(ΩR)
6 κε2|p|
∫ R√
ε/2
dr
r2|p|−1
+ κ ε2|p|−1
∫ √ε√
ε/2
dr
r2|p|−1
+ κ p2 ε2|p|
∫ R√
ε/2
dr
r2|p|+1
6 κ ε
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inf
wh∈V h
‖ũε − −
π
2 u0(0)
ln ε− λ0
ψ̃ε − wh‖H1(ΩR) 6 κ (ε1/2 + hq)
  Ê0Ê?> 
½³^¨ru^]]¢w¢WkmY[^%^sj[rm^QimimtwzKn-zK 
uε
§
ũε(x) = (1 − χε1/2(x))
(
u0(x) +
−π2 u0(0)
ln ε− λ0
v0(x)
)
+ χε1/2(x)
−π2 u0(0)
ln ε− λ0
V ε0 (x)1ΩR\Ω̄iε(x)
= (1 − χε1/2(x))
(
u0(x) − u0(0) +
−π2 u0(0)
ln ε− λ0
(
v0(x) +
2
π
(ln 1/ε+ λ0)
))
+ χε1/2(x)
−π2 u0(0)
ln ε− λ0
V ε0 (x)1ΩR\Ω̄iε(x)
_zKkm^kuY$k
v0(x) = Y0(k|x|) + L10(v0) J0(k|x|) = Ỹ0(k|x|) +
2
π
J0(k|x|) ln |x| + L10(v0) J0(k|x|)
= Ỹ0(k|x|) + L10(v0) J0(k|x|) +
2
π
(
J0(k|x|) − 1
)
ln |x| + 2
π
ln |x|
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v0(x) +
2
π (ln 1/ε+ λ0) =
(
Ỹ0(k|x|) − Y0,0
)
+ L10(v0)
(
J0(k|x|) − 1
)
+
2
π
(
J0(k|x|) − 1
)
ln |x| + 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
ũε(x) = (1 − χε1/2(x))
(
u0(x) − u0(0)
)
+ (1 − χε1/2(x))
−π2 u0(0)
ln ε− λ0
(
Ỹ0(k|x|) − Y0,0
)
+(1 − χε1/2(x))
−π2 u0(0)
ln ε− λ0
(
L10(v0)
(
J0(k|x|) − 1
)
+
2
π
(
J0(k|x|) − 1
)
ln |x|
)
+ (1 − χε1/2(x))
−π2 u0(0)
ln ε− λ0
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
)
+χε1/2(x)
−π2 u0(0)
ln ε− λ0
V ε0 (x)1ΩR\Ω̄iε(x)
= (1 − χε1/2(x))
(
u0(x) − u0(0)
)
+ (1 − χε1/2(x))
−π2 u0(0)
ln ε− λ0
(
Ỹ0(k|x|) − Y0,0
)
+(1 − χε1/2(x))
−π2 u0(0)
ln ε− λ0
(
L10(v0)
(
J0(k|x|) − 1
)
+
2
π
(
J0(k|x|) − 1
)
ln |x|
)
+ 1ΩR\Ω̄iε(x)
−π2 u0(0)
ln ε− λ0
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
)
+ χε1/2(x)1ΩR\Ω̄iε(x)
−π2 u0(0)
ln ε− λ0
(
V ε0 (x) −
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
))
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ũε(x) − −
π
2 u0(0)
ln ε− λ0
ψ̃ε(x)
= (1 − χε1/2(x))
(
u0(x) − u0(0)
)
︸ ︷︷ ︸
= T ε1 (x)
+ (1 − χε1/2(x))
−π2 u0(0)
ln ε− λ0
(
Ỹ0(k|x|) − Y0,0
)
︸ ︷︷ ︸
= T ε2 (x)
+ (1− χε1/2(x))
−π2 u0(0)
ln ε− λ0
L10(v0)
(
J0(k|x|) − 1
)
︸ ︷︷ ︸
= T ε3 (x)
+ (1− χ0(x))
−π2 u0(0)
ln ε− λ0
2
π
(
J0(k|x|) − 1
)
ln |x|
︸ ︷︷ ︸
= T ε4 (x)
+ (1− χ0(x))
−π2 u0(0)
ln ε− λ0
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
)
︸ ︷︷ ︸
= T ε5 (x)½³^%£
t­¢w¢µ´nK¢­¢wh7[ruz$¥?tw[^¨Kno[¡^]r
©¡zEo[n «zKr
^QK}Yz kmY[^ku^sru\i
T εi
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• 3 ]0
¸j0 Ê / ÊQ> ‖T ε1 − wh‖H1(ΩR)
inf
wh∈V he
‖T ε1 − wh‖H1(ΩR) 6 inf
wh∈V he
‖u0 − u0(0) − wh‖H1(ΩR) + ‖χε1/2 (u0 − u0(0))‖H1(ΩR)
6 κ (hq + ε1/2 ).
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• 3 ]0
¸j0 Ê / ÊQ> ‖T ε2 − wh‖H1(ΩR)
inf
wh∈V he
‖T ε2 − wh‖H1(ΩR) 6
κ
ln 1/ε
(
inf
wh∈V he
‖Ỹ0(k| · |) − Y0,0 − wh‖H1(ΩR)
+‖χε1/2 (Ỹ0(k| · |) − Y0,0)‖H1(ΩR)
)
6
κ
ln 1/ε
(hq + ε1/2 )
• 3 ]0
¸j0 Ê / ÊQ> ‖T ε3 − wh‖H1(ΩR)
inf
wh∈V he
‖T ε3 − wh‖H1(ΩR) 6
κ
ln 1/ε
(
inf
wh∈V he
‖J0(k| · |) − 1 − wh‖H1(ΩR)
+‖χε1/2 (J0(k| · |) − 1)‖H1(ΩR)
)
6
κ
ln 1/ε
(hq + ε1/2 )
• 3 ]0
¸j0 Ê / ÊQ> ‖T ε4 − wh‖H1(ΩR)
inf
wh∈V he
‖T ε4 − wh‖H1(ΩR)6
κ
ln 1/ε
inf
wh∈V he
‖(1− χ0(x))(J0(k|x|) − 1) ln |x| − wh‖H1(ΩR)
6
κ
ln 1/ε
hq
• 3 ]0
¸j0 Ê / ÊQ> ‖T ε5 − wh‖H1(ΩR)
inf
wh∈V he
‖T ε4 − wh‖H1(ΩR)
6
κ
ln 1/ε
inf
wh∈V he
‖(1 − χ0(x))
( 2
π
J0,0 ln
|x|
ε
+ Y0,0 + l
1
0(V0)
)
− wh‖H1(ΩR)
6 κhq
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inf
wh∈V h
‖T ε1 + T ε2 + T ε3 + T ε4 + T ε5 − wh‖H1(ΩR) 6
inf
wh∈V h
‖T ε1 − wh‖H1(ΩR) + inf
wh∈V h
‖T ε2 − wh‖H1(ΩR)
+ inf
wh∈V h
‖T ε3 − wh‖H1(ΩR) + inf
wh∈V h
‖T ε4 − wh‖H1(ΩR) + inf
wh∈V h
‖T ε5 − wh‖H1(ΩR)
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